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Abstract
As is known, in modified cosmological theories of gravity many of the cosmolo-
gies which could not be generated by standard Einstein gravity, can be consistently
described by F (R) theories. Using known reconstruction techniques, we investigate
which F (R) theories can lead to a Hubble parameter describing two types of cosmolog-
ical bounces, the superbounce model, related to supergravity and non-supersymmetric
models of contracting ekpyrosis and also the Loop Quantum Cosmology modified ekpy-
rotic model. Since our method is an approximate method, we investigate the problem
at large and small curvatures. As we evince, both models yield power law recon-
structed F (R) gravities, with the most interesting new feature being that both lead
to accelerating cosmologies, in the large curvature approximation. The mathemati-
cal properties of the some Friedmann-Robertson-Walker spacetimes M , that describe
superbounce-like cosmologies are also pointed out, with regards to the group of cur-
vature collineations CC(M).
PACS numbers: 04.50.Kd, 95.36.+x, 98.80.-k
Introduction
Having to deal with singularities is one of the most difficult task in all physical systems
that these occur, and the theoretical explanation of the appearance of these can be quite
hard, or the window to new physics. Cosmological singularities occur in many theoretical
frameworks and a question rises, whether these are a real ingredient of the cosmological
expansion or these are an indicator that the classical theory needs to be implemented with
quantum gravity effects, in order these are treated properly, if not completely disappear.
So in modern cosmology there appeared two types of non-singular descriptions of the
cosmological expansion, the ones that address the problem by using the Loop Quantum
Cosmology (abbreviated to LQC hereafter) framework [1–3], thus residing to a quantum
gravitational description of the cosmos, and the other models that use scalar fields to
∗v.k.oikonomou1979@gmail.com
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avoid singular expansion [4–11]. With respect to LQC, singularities are amended by using
Loop Quantum Gravity techniques, such as holonomy corrections to existing cosmological
models. For recent approaches to cosmological aspects of quantum gravity see [12]. In both
cases, the resulting expansion is a bounce with expanding and contracting phases, with
the bounce providing an alternating description to the acceleration and thermal history
of our universe. For recent informative reviews on cosmological bounces, the reader is
referred to [4, 5] and references therein. In addition, the bounce models are known to
give a consistent explanation of certain CMB anomalies on large angular scale. For an
interesting account on this, see [13].
In general, bounce models carry along some problems which have to be resolved in
order a more consistent behavior is achieved. For example, in order a bounce occurs in
a scalar field modified gravity context, the null energy condition has to be violated for
all the matter fields considered in the theoretical framework, and particularly the sum of
the pressure and matter energy density has to be negative. Notice that this is possible
in systems for which the Hamiltonian is bounded from below, see [14]. If the null energy
condition is violated, then it is possible that the Hubble parameter becomes negative and
a contracting phase is possible for the cosmological evolution [4, 5, 7, 8]. In addition, the
bounce models suffer from ghost instabilities and from primordial instabilities which occur
during the contracting phase, with the latter being a somewhat problematic phase of the
cosmological expansion. Ghost instabilities are resolved [15] in the Galileon and ghost
condensate models [6,15] but the contracting phase still remains an obstacle to providing
a fully consistent description of the cosmos expansion. To this end, in references [7, 8] an
ekpyrosis scenario for the contracting phase was adopted, in which problems related with
specific initial conditions are avoided. In reference [7] a model of contracting ekpyrosis
was presented in both supergravity and non-supersymmetric frameworks and in [8] the
cosmological perturbations of the contracting ekpyrosis model was addressed, among other
issues.
In view of the cosmological appealing solution that the contracting ekpyrosis provides,
in this paper we shall investigate which F (R) gravity can generate such a cosmological
expansion. Particularly, we shall focus our search on which F (R) gravity generates the
Hubble parameter that corresponds to the contracting ekpyrosis scenario of references
[7, 8]. The method we shall use is a reconstruction method quite well known in the
literature [16] and applying this quite general technique, we shall study the large and
small curvature limits of the F (R) gravity that generates the Hubble expansion of the
contracting ekpyrosis. Since this is an approximate method, the exact scale factor of the
contracting ekpyrosis in the classical limits of t≫ t0 and t≪ t0 can be generated by the
corresponding F (R) gravities, with t0 the time instance at which the bounce occurs.
Many cosmological scenarios which was impossible to be realized in classical Einstein
gravity, can be consistently realized in the context of F (R) gravities. For an important
stream of review articles and important papers on F (R) theories, see [16–23] and references
therein. Among various elegant descriptions of large scale gravitational effects that the
F (R) models describe, one of the most important successes is the description of dark
energy and inflation in the same theoretical framework, with first model materializing
this being the Nojiri-Odintsov model [22]. Note that there is interesting consequence of
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result we discover in this paper. As we will see, the key point in our study, in the case of
the superbounce, will be played by R2 terms in the F (R) gravity and at the same time,
as was shown in [22], an R2 term models precisely the unification of inflation with dark
energy. Furthermore, it has been proven that R2 term not only causes the appearance of
inflationary sector but also removes finite-time future singularity [23]. In addition, power
law corrections are known to link certain limits of chameleon cosmology [24] with F (R)
gravity.
For alternative to F (R) theories, that also consistently address the dark energy prob-
lem, see [25–30]. In addition, in the cosmon-related theories constructed by Wetterich,
inflation and dark energy are also described by the same theory [30].
The theoretical challenges raised in modern theoretical cosmology after the late 90’s
striking observation of the universe’s late time expansion [31], have generated increasing
interest the last decade and with the aid of current observational searches, many of these
theories are going to critically tested. Particularly, among other issues, inflation, dark
energy and the bounce models can be tested by the BICEP [33] and Planck [32] obser-
vational projects. With respect to the bounce models, there are promising and literally
down to earth proposed experiments [34] that may reveal the bounce using direct dark
matter scattering on nuclei. For an account on the latter issue see [35]. Therefore, it is of
great importance to have many alternative theoretical models for the same cosmological
evolution of the universe. This is our motivation for this study, and in this article we
shall try to generate the superbounce ekpyrosis from F (R) gravity. In addition, we also
reconstruct the F (R) gravity that generates the ekpyrotic scenario that results from a
LQC framework. It is quite intriguing that in both cases, the large curvature limit of the
reconstructed F (R) gravity leads to accelerating cosmologies.
This paper is organized as follows: In section 1, we reconstruct the F (R) gravity that
generates the Hubble parameter corresponding to the superbounce model developed in [7]
in the large and small curvature limits. We also examine the resulting F (R) on how it is
possible to generate from it, early time and late time acceleration in the Jordan frame.
A special mathematical property of a specific spacetime that belongs to the same class of
Friedmann-Robertson-Walker metric (FRW hereafter) spacetimes that the superbounce
belongs is also studied. In section 2, we use the same reconstruction technique in order
to find which F (R) gravity can generate the LQC ekpyrotic cosmological scenario. The
conclusions follows in the end of the paper.
Conventions
Throughout the article, if it is not mentioned, we shall make use of the following spacetime
geometry conventions. Particularly, we shall assume that the F (R) gravities are studied
in the Jordan frame and we shall make use of the metric formalism in order to obtain the
equations of motion [17]. Moreover, it shall be assumed that the geometric background is
that of a pseudo-Riemannian manifold, locally being described by a Lorentz metric, a flat
FRW, which is,
ds2 = −dt2 + a2(t)
∑
i
dx2i (1)
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The Ricci scalar corresponding to metric (1) is,
R = 6(2H2 + H˙), (2)
with H(t) being the Hubble parameter and the “dot” denoting as usual, differentiation
with respect to the cosmic time t. Moreover, the affine connection of the manifold is
assumed to be the Levi-Civita connection, which is torsion-less, symmetric, and metric
compatible.
1 Superbounce from F (R) Gravity-Small and Large Curva-
ture Limits
1.1 The non-Supersymmetric Super-bounce Scenario
The non supersymmetric superbounce solution, results from a bounce Lagrangian of the
form [7,8],
L = √−g
(
−R
2
+ P (X,φ) + g(φ)Xφ
)
(3)
with R the Ricci scalar, X = −12(∂φ)2 and P (X,φ) being equal to,
P (X,φ) = k(φ)X + τ(φ)X2 − V (φ) (4)
The function k(φ) is chosen in a way such that it is almost everywhere equal to one except
around φ = 0, where the bounce occurs and is assumed that it takes the following form [7],
k(φ) = 1− 2
(1 + 2kφ2)2
(5)
with the parameter k controlling the width in the φ-space, for which the field kinetic term
does not change sign. In addition, the function τ(φ) in relation (4), controls the strength
of the square of the kinetic term and g(φ) controls the strength of the Galileon term.
These are chosen in the following way [7],
τ(φ) ∼ τ¯
(1 + 2kφ2)2
, g(φ) =
g¯
(1 + 2kφ2)2
(6)
Finally, the potential V (φ) in relation (4) is chosen for large values of the field parameter
φ to be,
V (φ) = −V0v(φ)e−c(φ)φ (7)
with v(φ) a function chosen in such a way so that the potential turns off for φ approaching
the ending ekpyrotic value. The evolution of the universe in such a background is given
by,
a(t) ∼ (−t+ t∗)2/c2 (8)
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with t∗ denoting the big crunch time, if the ekpyrotic phase continues until that time. The
solution (8) describes the background evolution for large φ values. At values of φ near the
ekpyrotic bounce ending, the background solution reads,
a(t) ∼ (−t+ t∗)1/3 (9)
The Hubble parameter corresponding to the ekpyrotic scaling solution (8) equals to,
H(t) =
2
c2(t− t∗) (10)
while the one corresponding to (9) is equal to,
H(t) =
1
3(t− t∗) (11)
It is the main focus of this section to construct F (R) gravities which produce the cosmology
given from relations (10) and (11). We mainly study the case described by relations (8)
and (10) since the other case can be easily obtained from the one we study.
Before proceeding, we have to note that, as was demonstrated in [7], the supergrav-
ity extension of (7) exactly reproduces the cosmology given in (8) and this justifies the
terminology superbounce that we used for it.
1.2 Reconstruction of F (R) Gravity
From both relations (10) and (11) we can easily elicit the bounce behavior and it worths
for a moment to clarify the values that time can have. Practically speaking, t varies from
the time −t∗ to +t∗, as can be seen from the behavior of (10). In addition, the same can
be deduced by looking the scale factor (8). Now it is of critical importance to settle what
we mean by large and small time limits t. With large t we mean for large cosmic times
before the crunch and small times refer to times just after the beginning of the bounce.
Of course it is not our purpose to describe both scale solutions (8) and (9) with the same
F (R) gravity, since that would probably require varying coefficients probably for the F (R)
function as we shall see. So the full ekpyrotic superbounce solution is much too involved,
but here we are just interested for it’s limiting behavior. This is an important notice since
in the context of the ekpyrotic superbounce scenario, the universe’s cosmic time might not
even reach the crunch time t∗.
It is the purpose of this section to reconstruct the F (R) gravities that produce the
cosmology given by the Hubble parameter (10) in the large and small cosmic time limits.
We shall use the reconstruction method firstly developed in [16], which heavily relies on
a particular form that the hubble parameter takes. For other important reconstruction
techniques see [21]. The technique developed in [16] is also applied whenever the Hubble
parameter can be written as ∼ h(t)t , with h(t) a slowly varying function of time. The fact
that h(t) is considered to be a slowly varying function of time, makes possible some sort
of perturbation at the level of Euler-Lagrange equations. In the case at hand, the Hubble
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parameter (10) can be written as follows,
H(t) =
2
c2(t− t∗) =
2qt
c2t(qt− qt∗) =
hfqt
t(qt− qt∗) =
h(t)
t
(12)
with hf = 2/c
2 and h(t) being equal to,
h(t) =
hfqt
(qt− b) (13)
with b = qt∗ and q is assumed to be very small, that is q ≪ 1. The function h(t) is
a slowly varying function of t and therefore the reconstruction method of reference [16]
applies. Indeed, h(t) satisfies ∀ z ∈ R, the following relation,
lim
t→∞
h(zt)
h(t)
= 1 (14)
and so it is a slowly varying function. Let us introduce the theoretical framework of the
reconstruction method and then we apply it straightforwardly. Assume that the action of
the general F (R) gravity is,
S = 1
2κ2
∫
d4x
√−gF (R) + Sm(gµν ,Ψm), (15)
while the FRW equation is:
−18
(
4H(t)2H˙(t) +H(t)H¨(t)
)
F ′′(R)+3
(
H2(t) + H˙(t)
)
F ′(R)− F (R)
2
+κ2ρ = 0 (16)
with F ′(R) = dF (R)dR and the Ricci scalar R is given in (2). We assume in addition that
the mass-energy density receives contribution from all kind of perfect matter fluids, with
cosmological parameters wi. The reconstruction method of reference [16] makes use of an
auxiliary scalar field φ, which is introduced directly into action (15), which becomes,
S =
∫
d4x
√−g (P (φ)R +Q(φ) + Lmat) (17)
The final form of the reconstructed F (R) gravity shall be given by the functions P (φ) and
Q(φ), so finding them is the main goal. The lack of a kinetic term render the scalar field
φ an auxiliary degree of freedom, and upon variation with respect to φ, action (17) reads,
P ′(φ)R +Q′(φ) = 0 (18)
where the prime denotes differentiation with respect to φ in this case. By solving equation
(18) with respect to R, we obtain φ(R) and by substituting it to the original F (R) action,
we get the F (R), that is,
F (φ(R)) = P (φ(R))R +Q(φ(R)) (19)
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Practically speaking, by finding a differential equation for P (φ) and Q(φ), will yield the
F (R) gravity, given the Hubble parameter and a specific form of the scale factor. This
point is crucial in our analysis, in reference to the specific form of the scale factor, and
we shall discuss it further, later on in this section. By varying equation (17) with respect
to the metric tensor and assuming a spatially flat FRW metric, we obtain the following
differential equation for P (φ) and Q(φ),
− 6H2P (φ(t)) −Q(φ(t))− 6H dP (φ(t))
dt
+ ρi = 0 (20)(
4H˙ + 6H2
)
P (φ(t)) +Q(φ(t)) + 2
d2P (φ(t))
dt2
+
dP (φ(t))
dt
+ pi = 0
and by eliminating Q(φ(t)) we obtain,
2
d2P (φ(t))
dt2
− 2H(t)P (φ(t)) + 4H˙ dP (φ(t))
dt
+ ρi + pi = 0 (21)
where ρi, pi stand for the mass-energy density and pressure of the matter perfect fluids.
As was proven in reference [16], owing to the equivalence of the actions (15) and (17), the
scalar field φ can be identified with the cosmic time t, that is, φ = t (see [16] for details).
In the following we shall switch between the two variables which we consider one and the
same. Now a crucial point, we shall assume a generic behavior for the scale factor, being
of the form,
a = a0e
g(t) (22)
with a0 constant. The differential equation (21) for P (φ) is therefore written as follows,
2
d2P (φ(t))
dt2
− 2g′(φ)dP (φ(t))
dt
+ 4g′′(φ)P (φ(t)) +
∑
i
(1 + wi)ρi0a
−3(1+wi)
0 e
−3(1+wi)g(φ) = 0
(23)
We have to mention that the superbounce scale factor can be identical to the form (22)
only in the large t and small t limits, as can be checked, but our interest is to reproduce
the cosmology described by the Hubble parameter corresponding to the superbounce.
Having found P (φ) by solving the differential equation (23), it is easy to obtain Q(φ),
by using relation (20), and the resulting relation is,
Q(φ) = −6g′(φ)2P (φ)− 6g′(φ)dP (φ)
dφ
+
∑
i
(1 + wi)ρi0a
−3(1+wi)
0 e
−3(1+wi)g(φ) (24)
Now by exploiting the fact that the Hubble parameter is written as a fraction of a slowly
varying function of time over time, given in relation (12), we assume that the function
g(t) appearing in (22), takes the following form,
g(φ) = h(φ) ln
(
φ
φ0
)
(25)
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with φ0 some constant. A consequence of the fact that h(t) is slowly varying is that we
can neglect the higher derivatives h′(t), h′′(t), etc. This means that the Hubble parameter
corresponding to the scale factor given in (22), with g(t) given in (25), can take the
following form,
H(t) =
h(t)
t
+ h′(t) ln
(
t
t0
)
(26)
which, by neglecting the derivative can be written,
H(t) =
h(t)
t
(27)
This is a crucial point in our analysis, because owing to the fact that the superbounce
Hubble parameter can be written exactly in the form of relation (27) (without any approx-
imation) enables us to use the present reconstruction technique and this is what motivated
us to apply this method. Returning to the differential equation (25), by substituting g(t)
and ignoring the higher derivatives h′(t), h′′(t), we obtain,
2
d2P (φ(t))
dt2
− h(φ)
φ
dP (φ(t))
dt
− 2h(φ)
φ2
P (φ(t)) (28)
+
∑
i
(1 + wi)ρi0a
−3(1+wi)
0
(
φ
φ0
)−3(1+wi)h(φ)
= 0
The key point of the whole calculation is to express the Ricci scalar as a function of φ
(or equivalently t) and invert the resulting expression so that we have at hand φ = φ(R).
After that it is easy to find the functions P (φ(R)) and Q(φ(R)) and hence, the F (R)
gravity that generates the specific Hubble expansion. Using relations (2), (12) and (25),
and by ignoring the higher order derivatives for the slowly varying function h(t), the Ricci
scalar, which for a FRW is given in relation (2), is now equal to,
R(φ) ≃ 6
(−h(φ) + 2h(φ)2)
φ2
(29)
By solving the above equation with respect to φ, will yield φ = φ(R). By substituting
h(t) from relation, (13), we get the following equation,
− b2Rt2 + 2bqRt3 − q2Rt4 + 6bqthf − 6q2t2hf + 12q2t2h2f = 0 (30)
The real solution to this equation is,
t =
2b
q
− 2
1/3b2R
3
(P1 +√P2)1/3 +
6× 21/3q2hf(P1 +√P2)1/3 −
12× 21/3q2h2f(P1 +√P2)1/3 −
(P1 +√P2)1/3
3× 2(1/3)q2R (31)
with the polynomials P1 and P2 being equal to,
P1 = a1R2 + a2R3, P2 = β3R3 + β4R4 + β5R5 (32)
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The coefficients αi, βi of the polynomials (32) are given in the appendix A. The solution
given in relation (31) is very important, since when solving the differential equation (28)
we can substitute the obtained solution (31) and find the resulting expressions for P (φ(R))
and Q(φ(R)). Then by using (19) we have a resulting expression for the reconstructed
F (R). The general solution of the differential equation (28) is of the following form [16],
P (φ) = c1φ
h(φ)−1+
√
h(φ)2+6h(φ)+1
2 + c2φ
h(φ)−1−
√
h(φ)2+6h(φ)+1
2 +
∑
i
Si(φ)φ
−3(1+wi)h(φ)+2 (33)
with Si(φ) being,
Si(φ) = −
(
(1 + wi)ρi0a
−3(1+wi)
0 φ
3(1+w)h(φ)
0
)
(34)(
6(1 +wi)(4 + 3wi)h(φ)
2 − 2(13 + 9w)h(φ) + 4)−1
Also, from the solution (33), we can find Q(φ) by simply substituting (25) and (34) in
equation (24). So finally Q(φ) is equal to,
Q(φ) = −6h(φ)c1
(
h(φ) +
h(φ) − 1 +
√
h(φ)2 + 6h(φ) + 1
2
)
φ
h(φ)−1+
√
h(φ)2+6h(φ)+1
2
−2
(35)
− 6h(φ)c2
(
h(φ) +
h(φ)− 1−
√
h(φ)2 + 6h(φ) + 1
2
)
φ
h(φ)−1+
√
h(φ)2+6h(φ)+1
2
−2
+
∑
i
(
−6h(φ)(−2(2 + 3w)h(φ) + 2 + Si(φ) + ρi0a−3(1+wi)φ
3(1+wi)h(φ)
0
0 )
)
φ−3(1+wi)h(φ)
In principle, finding the general form of the F (R) function can be quite difficult, and
therefore it is more convenient to study the problem in the large and small curvature
limits which corresponds to small and large t limits respectively.
1.3 F (R) Gravity in the Large R Limit
We start off with the large curvature R limit of the solutions (33) and (35) we found in
the previous section. As already stated, the large curvature limit corresponds to the small
t limit, so the solution (31) for φ in the large curvature limit reads,
φ ≃ −2b
3q
+
21/3b2R
3
(
α2R3 +
√
β5R5
)1/3 −
(
α2R
3 +
√
β5R5
)1/3
3× 21/3q2R (36)
where only the dominant terms of the polynomials P1 and P2 are considered. By using
the values for the polynomial coefficients α2 and β5 given in the appendix A, we can see
that the first two terms cancel, and therefore the expression (68) becomes,
φ ≃ A
R
(37)
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where we have set A to be equal to,
A = 6× 2
1/3q2hf − 12× 21/3q2h2f
3
(38)
Having relation (70) at hand, we can straightforwardly find the function P (φ(R)), by
substituting (37) in (33). Before doing that, let us simplify further the function P (φ)
by taking the small time (large curvature) limit of relation (33). The small and large t
limiting values of the slowly varying function h(t) are,
lim
t→0
h(t) = 0, lim
t→∞
h(t) = hf (39)
So, owing to the fact that limt→∞ h(t) = 0, the small t limit of P (φ) is,
P (φ) = c1 + c2φ
−2 +
∑
i
Si(0)φ
2 (40)
and by using (34), equation (72) becomes,
P (φ(R)) = c1 +
c2
AR+
∑
i
Si(0)
A2
R2
(41)
By keeping only the dominant terms in the large curvature limit, P (φ(R)) becomes,
P (φ(R)) ≃ c1 + c2α3A1 R (42)
In the same vain, the function Q(φ(R)) becomes,
Q(φ(R)) =
∑
i
Si(0)a
−3(1+wi)
0 φ
3(1+wi)
0 (43)
Gathering up the results of relations (42) and (75) and also by setting,
c4 =
∑
i
Si(0)a
−3(1+wi)
0 φ
3(1+wi)
0 (44)
the reconstructed F (R) gravity of relation (19) in the large curvature limit, takes the
following form,
F (R) ≃ c1R+ c2AR
2 +
∑
i
Si(0)
A2
R
+ c4 (45)
Without great loss of generality, we can choose the coefficient of R in relation (77) to be
equal to one, that is, c1 = 1, so by keeping leading order terms, the final form of the
reconstructed F (R) gravity in the large R limit is the following,
F (R) ≃ R+ αR2 + c4 (46)
with α = c2A . This form of modified gravity is nothing else but Starobinsky F (R) gravity
[36,37] with cosmological constant.
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1.4 F (R) Gravity in the Small R Limit
In the small R limit, which is actually equivalent to the large t (or φ owing to the equiva-
lence t = φ in our approximation) limit, the slow varying function h(φ) is approximately
equal to hf . Bearing in mind that hf = 2/c
2, in the large R limit, relation (31) is written,
φ ≃ 2b
3q
− 2
1/3b2R1/2
3
+
6× 21/3q2hf
R1/2
− 12× 2
1/3q2hf
R1/2
− R
−1/2
3× 21/2q2 (47)
which at leading order becomes,
φ ≃ (A−B)R−1/2 (48)
where B stands for B = 1
3×21/3q2 . Thereby, the function P (φ) in the large φ limit becomes,
P (φ) ≃ c1φ
hf−1+
√
h2
f
+6hf+1
2 + c2φ
hf−1−
√
h2
f
+6hf+1
2 +
∑
i
Si(∞)φ(−3(1+wi)hf+2)
1
2 (49)
We may write the function P (φ) in terms of the Ricci scalar by using relation (47). Keeping
only the leading order terms for small curvatures, P (φ) becomes,
P (φ(R)) ≃ c1 (A− B)
hf−1+
√
h2
f
+6hf+1
2 R−
hf−1+
√
h2
f
+6hf+1
4 (50)
In the same vain, the function Q(φ(R)) as R tends to zero becomes,
Q(φ(R)) ≃ −6hf c1
(
hf +
hf − 1 +
√
h2f + 6hf + 1
2
)
(51)
× (A−B)
hf−1+
√
h2
f
+6hf+1
2
−2R−
hf−1+
√
h2
f
+6hf+1
4
+1
Upon combining relations (50), (51) and (19), we obtain the reconstructed F (R) gravity
in the small R limit,
F (R) ≃ −βR−
hf−1+2δ
4
+1 (52)
with δ and β being set equal to,
δ =
√
h2f + 6hf + 1
2
, β = 6hf c1 (hf + δ) (A− B)
hf−3−δ
2 (53)
Combining equations (80) and (52) we obtain the following F (R) gravity,
F (R) ≃ R+ αR2 + c4 + βR−γ (54)
which generates the superbounce ekpyrotic Hubble parameter (10) at late times and early
times. This form of the reconstructed F (R) gravity is certainly of interest, since this type
of F (R) functions is known, under certain circumstances (see for example [16, 17]), to
produce late time and early time acceleration. In the next section we shall investigate the
late time and early time behavior of (54), focusing mainly on the late time, since the R2
is known to produce early time acceleration.
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1.5 Early Time and Late Time Behavior of Super-bounce Generating
F (R) Gravity
Having at hand the F (R) gravity, given in relation (54), which generates the superbounce
Hubble parameter in the limiting cases of early and late time, it is of interest to see the
behavior of the F (R) functions at late and early times. Particularly we are interested to
see if inflation and late time acceleration can be achieved with this F (R) gravity, working
in the Jordan frame. The R2 case is easy to tackle with, since this kind of gravity is a
version of the Starobinsky inflation model [36], but the late time F (R) has to be studied
with caution, since hf = 2/c
2 and c is restricted to take values c >
√
6 [7], and we therefore
focus on this case. Consider a late time instant, which we denote tlat, at which h(t) reaches
it’s limiting value hf = 2/c
2 value. The behavior of the total matter energy density and
pressure when t→ tlat are approximately equal to [16],
ρ ∼ β
(
6(γ + 1)(2γ + 1)hf + 6(γ − 2)h2f
)(
− 6hf + 12h2f
)−γ−1
t2γ (55)
p = β
(
− 4γ(γ + 1)(2γ + 1)− 2(8n2 + 5n+ 3)hf − 6(n− 2)h2f
)(
− 6hf + 12h2f
)−γ−1
t2γ
and the effective equation of state cosmological parameter weff reads,
weff =
(
6(γ + 1)(2γ + 1)hf + 6(γ − 2)h2f
)
(
− 4γ(γ + 1)(2γ + 1)− 2(8n2 + 5n+ 3)hf − 6(n − 2)h2f
) (56)
where we have set γ = −
(
−hf−1+2δ4 + 1
)
. From this we understand that acceleration
can occur if hf > 1, which excludes the superbounce value of hf , because c >
√
6.
Therefore the late time acceleration is not generated by the term ∼ R−γ , at least when
the superbounce generating constraint c >
√
6 is taken into account. Obviously if someone
looses up this constraint, we can achieve late time acceleration and also, owing to the fact
that the R2 term is not affected by this constraint, early time acceleration can be achieved
too.
1.6 On Curvature Collineations and a Specific Super-bounce
In the previous section we showed that when hf > 1, the F (R) gravity that generates
the superbounce solution at late times, also causes late time acceleration in the Jordan
frame. In this section we also discuss a related case to this with a unique mathematical
property. In order to tackle with this problem, we will need the definition of a curvature
collineation. Let M be a smooth spacetime with a smooth associated curvature tensor R˜
and X a global C1 differentiable vector field [38]. Let the C1 diffeomorphism associated
with X be denoted by φt, then X is called a curvature collineation of the smooth manifold
M , if LXRabcd = 0 and φ∗t = R˜, ∀ φt associated with X [38]. Note that with LX we denote
the Lie dragging of the vector field X. Now the case in which hf = 2, corresponds to the
metric,
ds2 = −dt2 + (t− b)2
∑
i
dx2i (57)
12
It is obvious that if we disregard the constraint c >
√
6, the metric (57) is just a subcase of
the FRW spacetime metric with a scale factor given in relation (8). The Hubble parameter
for the FRW metric (57) reads,
H(t) =
2
(t− b) (58)
so it is similar to the Hubble parameter given in (10). Therefore, the whole argument
of research we adopted in the previous sections, with regards the reconstruction of the
F (R) gravity, holds true for this case too, and the F (R) function at late and early times
is given by (54). However, according to the findings of the previous section, in this case
the F (R) function can describe early time and late time acceleration. Coming back to
the collineation issue, the spacetime (57) is the only FRW spacetime which is of holonomy
type R15, with curvature rank three and also it is the only FRW spacetime which admits
proper members of the curvature collineation group CC(M). Actually, this group for the
metric (57) consists of timelike vector fields of the form [38],
X = f(t)
∂
∂t
+ Z (59)
with f(t) an arbitrary function C∞ and Z any member of the 6-dimensional Killing alge-
bra. It worths mentioning that another class of spacetimes that admits proper members
of the CC(M) group contains static Einstein metrics, but no other FRW metric.
2 Ekpyrotic Loop Quantum Cosmology from F (R) Gravity
The ekpyrotic universe scenario [9–11] describes an alternative to the inflationary scenario,
with scale invariant perturbations generated at a cosmic time before the Big-Bang phase.
A refined scenario of the ekpyrotic cosmology was provided in [11], where the gravitational
dynamics is modified due to quantum gravity effects, in the context of LQC [1–3]. For
informative reviews and important articles with regards to LQC see [1]. In the LQC
context, the singularity at the Big-Bang phase is replaced by a bounce. There are various
bounce models, for example see [2,3] and for a reconstruction of bounces, cyclic cosmologies
and matter bounce cosmologies from F (R) theories see [39, 40]. Also for an account on
ekpyrotic cosmology in the context of F (R) gravities, see [41]. The LQCmodified ekpyrotic
scenario is realized by using the following potential for the scalar field φ [11],
V (φ) = − V0e
√
16piGρφ(
1 + 3ρV04ρc(1−3ρ)e
√
16piGρφ
)2 (60)
with 0 < ρ ≪ 1. The usual exponential ekpyrotic potential [9] agrees with the one given
in relation (60), when the quantum gravity effects are considered to be negligible. There
exists an ekpyrotic solution for the scalar field pressure ps and matter-energy density ρs
which are equal to,
ps = ωρs, ω =
2
3ρs
− 1 (61)
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which practically describes an ultra-stiff perfect fluid [8]. If we consider a flat FRW
ekpyrotic universe with scalar potential (60) and with a scalar field equation of state
described by (61), the scale factor is equal to,
a(t) =
(
a0t
2 + 1
)ρ/2
(62)
with ρc being the critical density and a0 =
8piGρc
3ρ2 . The ekpyrotic LQC Hubble parameter
corresponding to the scale factor (62) is equal to,
H(t) =
a0ρt
a0t2 + 1
=
h(t)
t
(63)
with h(t) being equal to,
h(t) =
hfqt
2
1 + qt2
(64)
and in addition hf , q stand for,
hf = ρ, q = a0 (65)
The function h(t) is slowly varying as it can be easily shown that it satisfies relation
(14). We therefore apply the technique of the previous section, in order to find the F (R)
gravity that reproduces the Hubble parameter (63). In the case at hand, equation (29) is
equivalent to,
q2Ru3 +
(
2qR− 6q2 + hfq2 − 2h2fq2
)
u2 + (R− 12q + hfq)u− 6 = 0 (66)
so our aim is to solve equation (66) with respect to u = φ2. The real solution of equation
(66) is,
u = φ2 = − 2
3q
+
2
R
− hf
3R
+
2h2f
3R
(67)
+
(
4× 21/3q + 12× 2
1/3q2
R
+
21/3R
3
+
21/3qhf
3
− 4× 2
1/3q2hf
R
− 8× 2
1/3qh2f
3
+
25× 21/3q2h2f
3R
− 4× 2
1/3q2h3f
3R
+ 4× 21/3q2h4f +
1
321/3q2R
)
× 1(
α0 + α1R+ α2R2 + α3R3 +
√
β2R2 + β3R3 + β4R4 + β5R5
)1/3
Following the line of research of the previous section, we shall find the large and small
curvature limits of the above equation and we shall find the corresponding reconstructed
F (R) gravities in the corresponding limits.
2.1 Large R Limit
From relation (67), by keeping leading order terms we obtain,
φ2 ≃ − 1
3q
+
A1
R
, (68)
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or equivalently,
φ ∼
√
R−A1
3qR
(69)
which is valid when R > A1, with A1 being equal to,
A1 =
4× 21/3q + 21/3qhf3 −
8×21/3qh2f
3 + 4× 21/3q2h4f + (2− hf + 2h2f )a
1/3
3
a
1/3
3
. (70)
By taking into account the fact that h(t) as φ approaches zero is equal to,
lim
t→0
h(t) = 0. (71)
we can promptly find the function P (φ(R)) in the small φ limit (which corresponds to the
large R limit equivalently),
P (φ) = c1 + c2φ
−1. (72)
Owing to Eq. (69), φ−1 reads,
φ−1 ∼
√
3qR
R−A1
(73)
so finally, the function P (φ) becomes,
P (φ) = c1 + c2
√
3qR
R−A1 . (74)
In addition, the function Q(φ(R)) in the limit where Eq. (71) is valid, is approximately
equal to,
Q(φ(R)) ≃ 0. (75)
So the combination of Eqs. (74) and (75), gives the resulting reconstructed F (R) gravity
of Eq. (19), which is,
F (R) ≃ c1R+ c2
√
3qR3
R−A1 (76)
The above F (R) gravity can be further simplified, by expanding the resulting expression
in powers of large R,
F (R) ≃
(
c1 + c2
√
3q
)
R+
c2
√
3qA1
2
. (77)
By appropriately choosing the coefficient of the term linear to the scalar curvature as
follows,
c1 + c2
√
3q = 1, (78)
and by setting Λ to be equal to,
Λ =
c2
√
3qA1
2
, (79)
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we obtain the following form of the F (R) gravity,
F (R) ≃ R+ Λ, (80)
which describes the standard Einstein-Hilbert gravity with cosmological constant. Inter-
estingly enough, this gravity describes accelerating cosmology, just as the large R modified
gravity description of the superbounce that we gave in the previous section.
2.2 Small R Limit
We now turn our focus in the small R limit of our approximate method, in which case the
small t limit of the slowly varying function h(t) is equal to hf = ρ. In the large R limit,
relation (29) yields,
φ2 ≃ A2
R
(81)
where A2 stands for,
A2 =
(
25× 21/3q2h3f + 12× 21/3q2 +
1
3× 21/3q2 − 4× 2
1/3q2hf −
4× 21/3q2h2f
3
)
1
a
1/3
0
(82)
Hence in this case the function P (φ(R)) reads,
P (φ) ≃ c1R−δ (83)
with δ being equal to,
δ =
hf − 1 +
√
h2f + 6hf + 1
2
= 1 (84)
Accordingly, at leading order in the small R limit, the function Q(φ(R)) is equal to,
Q(φ(R)) = c3R
−δ (85)
So finally by combining relations (83), (85) and substituting to equation (19), the recon-
structed F (R) gravity in the small R limit is,
F (R) ≃ c1 − c3 1
Rδ
(86)
Recalling the value of δ from (84), the most dominant term for the F (R) gravity is the
second one, so finally, the small R reconstructed F (R) gravity reads,
F (R) ≃ −c3 1
R
(87)
Hence by combining the resulting expressions of relations (??) and (87) we get an F (R)
gravity of the form,
F (R) ≃ R+ αR2 − c3 1
Rδ
(88)
Applying the techniques we applied in the previous section, when ρ > 1, the function (88)
can describe late time acceleration however, for the LQC ekpyrotic scenarios, ρ ≪ 1 and
therefore no late time acceleration can be consistently described too, like in the previous
section’s result describing the superbounce case.
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3 Conclusions
In this paper we investigated which F (R) gravities can generate two types of cosmological
evolution, namely the superbounce and the LQC ekpyrotic scenario. We used a reconstruc-
tion technique which assumes that the form of the Hubble parameter can be approximated
in a way so that H(t) ∼ h(t)/t, with h(t) a slowly varying function of the cosmological
time. Both the cosmological models we studied lead to a Hubble parameter which is ex-
actly of that form, so the reconstruction technique applies perfectly. Since the technique
is an approximate method, we investigated the problem in the large and small curvature
limits and we tried to see which F (R) gravity reproduces the Hubble parameter of each
cosmological scenario. As we demonstrated, the resulting picture is quite appealing since
in the case of the superbounce cosmological scenario, the large curvature limit leads to a
modified gravity of the form F (R) ∼ R + aR2 + c, with a, model dependent parameter.
This modified gravity model is similar to the Starobinsky model [36] of inflation. The
small curvature limit leads to a modified gravity of the form R−δ, which as was explicitly
demonstrated does not lead to any late time acceleration, due to the constraints put from
the superbounce solution. In the case of the LQC ekpyrotic scenario, when the large curva-
ture approximation is considered, the resulting picture is intriguingly interesting because
the modified gravity is of the form F (R) ∼ R+Λ, which is the standard Einstein-Hilbert
gravity description. The small curvature limit leads to an F (R) gravity of the form R−δ
′
,
which however again does not lead to any late time acceleration, owing to the constraints
put by the LQC ekpyrosis.
In addition, for the class of cosmological theories which are described by a FRW space
time with scale factor a(t) = (at + b)2, which is the class where the superbounce model
belongs, we showed that the spacetime has a collineation group which has only one element.
This is the only non-static spacetime with this property.
Since our method heavily relies on the reproduction of the Hubble parameter and is an
approximation method, it is worth examining whether similar results can be obtained if
someone uses different reconstruction techniques [21]. This will be done in a future work.
APPENDIX A
In this appendix we provide the full details for the polynomial coefficients αi, βj , with
i = 1, ..3 and j = 3, ...5, appearing in relation (31). Recall that the αi’s are coefficients of
the polynomial:
P1 = α1R2 + α2R3 (89)
while the βj ’s are coefficients of the polynomial,
P2 = β3R3 + β4R4 + β5R5 (90)
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and these are given below,
α1 = −54bq5hf − 216bq5h2f (91)
α2 = 2b
3q3
β3 = 23328q
12h3f − 139968q12h4f + 279936q12h5f − 186624q12h6f
β4 = −972b2q10h2f + 38880b2q10h3f + 31104b2q10h4f
β5 = −1296b4q8h2f
APPENDIX B
In this appendix we provide the full details for the polynomial coefficients αi, βj , with
i = 0, ..3 and j = 2, ...5, appearing in relation (31) Recall that the αi’s are coefficients of
the polynomial:
ρ(R) = α0 + α1R+ α2R
2 + α3R
2 (92)
while the βj ’s are coefficients of the polynomial,
P (R) = β2R
2 + β3R
3 + β4R
4 + β5R
5 (93)
and these are given below,
α0 = 432q
6 − 216q6hf + 468q6h2f − 146q6h3f + 156q6h4f − 24q6h5f + 16q6h6f (94)
α1 = 216q
5 − 18q5hf − 75q5h2f + 30q5h3f − 48q5h4f
α2 = 36q
4 + 3q4hf + 30q
4h2f
α3 = 2q
3
β2 = 45684q
10h2f − 15228q10h3f + 31725q10h4f − 5076q10h5f + 5076q10h6f
β3 = 23004q
9h2f + 594q
9h3f − 12528q9h4f − 216q9h5f
β4 = 3861q
8h2f + 540q
8h3f − 108q8h4f
β5 = 216q
7h2f
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